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ARTICLE INFO ABSTRACT
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This paper presents a novel control framework that integrates Physics-Informed Neural Networks (PINNs)
with Model Predictive Control (MPC) for nonlinear dynamical systems. Unlike traditional MPC, which requires
solving optimization problems in real time, the proposed method trains a single feedforward neural network to
serve as an explicit controller that directly maps the current state, set-point, and disturbance signals to optimal
control actions. The network is trained using a composite loss function that enforces the governing differential
equations while incorporating control-oriented objectives such as set-point tracking, control smoothness, and
soft constraints on states, inputs, and outputs. The proposed controller is validated on both single-input single-
output (SISO) and multi-input multi-output (MIMO) water-tank benchmark systems, demonstrating accurate
set-point tracking, effective measured disturbance rejection, and strong generalization across thousands of
randomized test scenarios. A runtime comparison with a nonlinear MPC performing online optimization
confirms that the explicit PINN-MPC approach achieves comparable control performance while requiring
several orders of magnitude less computation time. These results highlight the scalability and computational
efficiency of the proposed framework, positioning it as a novel paradigm for real-time control of nonlinear
systems.
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1. Introduction (OCP). The resulting control law maps the current system state to

control actions using a precomputed function - typically a PieceWise-

Model Predictive Control (MPC) is a widely used framework for
constrained multivariable control, applied across domains such as pro-
cess engineering, robotics, and energy systems [1-7]. With the aid
of a model that forecasts the system’s dynamic behavior, it solves an
optimization problem over a finite horizon, and applies only the first
control action in a receding horizon fashion [8]. MPC often assumes
linear models for simplicity and computational efficiency. Nonlinear
MPC (NMPC) offers increased modeling accuracy but introduces sig-

Affine (PWA) mapping [10]. This framework is especially effective for
linear systems with convex cost functions, where the control problem
can be reformulated as a multi-parametric linear or quadratic pro-
gram (mpLP/mpQP) and solved offline to yield an explicit control
law [11]. Foundational work by Pistikopoulos et al. formalized the
theory of multi-parametric programming and its control applications,
including the derivation of solution structures and the development

nificant computational demands, as it requires solving a nonlinear
optimization problem at every sampling instant. If the solver cannot
produce a reliable solution in time, the resulting delays or suboptimal
control actions may compromise system performance [9]. In practice,
the effectiveness of the MPC paradigm is constrained by both the
accuracy of the predictive model and its reliance on time-critical online
optimization, which can become a major bottleneck for fast dynamic
systems and controllers with limited computational capacity.

Explicit MPC (eMPC) addresses this limitation by pre-solving the
optimization problem offline across all admissible initial states, yielding
a closed-form solution to the underlying Optimal Control Problem
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of efficient algorithms [12,13]. Despite these advances, linear eMPC
remains subject to the curse of dimensionality, as the number of regions
can grow exponentially with the system order and prediction horizon,
leading to increased computational effort during region evaluation at
runtime [14].

Extending eMPC to nonlinear systems is significantly more chal-
lenging. Solving multi-parametric NonLinear Programs (mpNLPs) is
generally intractable in closed form, and no general framework ex-
ists to derive explicit control laws with guaranteed continuity. This
gap has been recently addressed by developing explicit solutions for
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quadratically constrained and nonlinear problems using multiparamet-
ric optimization frameworks [15]. Approximate methods — such as
grid-based discretization, lattice-based PWA approximations [16], or
feedback synthesis over sampled domains [17] — have been proposed,
yet they usually provide only weak continuity guarantees.

Data-driven approaches have emerged as a flexible alternative for
modeling and controlling nonlinear systems, as they can learn system
dynamics solely from data collected from the process under inves-
tigation [18-21]. More specifically, and especially in recent years,
machine learning frameworks have been developed with the aim of
directly approximating control policies commonly used in process con-
trol systems, such as predictive control schemes [22-27]. In particular,
neural networks and symbolic regression techniques have been used to
approximate NMPC policies offline and deploy them in solver-free form.
For example, Chen et al. [28] trained deep networks to approximate
optimal control laws for nonlinear systems, while Drgoma et al. [29]
proposed Differentiable Predictive Control (DPC), where a learned
model is embedded into a differentiable control architecture trained
end-to-end. Although these methods offer fast execution, they do not
incorporate the physical principles governing the system and may fail
to guarantee constraint satisfaction.

A compelling path to overcoming these limitations lies in hybrid
modeling, which integrates mechanistic (first-principles) knowledge
with data-driven components to combine predictive accuracy with
interpretability [30]. In this work, we specifically investigate the use
of Physics-Informed Neural Networks (PINNs) — a powerful subset of
hybrid modeling which embed known physical laws directly into the
neural network’s training process — for designing explicit controllers,
particularly in the context of nonlinear dynamical systems. Originally
introduced by Raissi et al. [31,32] for solving forward and inverse
problems governed by Partial Differential Equations (PDEs), PINNs
have shown strong performance in learning system dynamics, even in
settings with limited or noisy data.

In control settings, PINNs have primarily been explored as surrogate
or auxiliary models for complex dynamics, offering a data-efficient
alternative to purely data-driven methods while preserving a conven-
tional control structure. The core function of these approaches is to
enhance the predictive accuracy or computational speed of the embed-
ded dynamic model, rather than directly generating the control action.
For instance, Lim et al. [33] demonstrated this concept using a control
framework, where the network acted as an auxiliary compensator
operating in parallel with a conventional Proportional-Integral (PI)
controller to account for valve degradation and parameter drift. Liu
et al. [34] developed PINN-based models to capture nonconservative
robotic dynamics, which were then used to parameterize a conven-
tional model-based feedback controller to improve trajectory tracking.
Hart et al. [35] formulated a Lyapunov-based PINN controller where
the PINN acted as an adaptive function approximator of unknown
dynamics, ensuring stability through its integration into a predefined,
Lyapunov-stable control structure. In model predictive frameworks,
Antonelo et al. [36] proposed Physics-Informed Neural Nets for Control
(PINC) as an efficient long-horizon prediction model for use within
MPC, and Patel et al. [37] proposed an MPC framework that employs a
PINN to provide the system predictions needed by the control algorithm
in a fast, differentiable manner, facilitating the timely and efficient
solution of the online nonlinear optimization problem. Collectively,
these studies highlight the considerable promise of physics-informed
learning in control theory but also reveal a critical gap: existing frame-
works employ PINNs to improve predictive models embedded within
an established, conventional control architecture; however, to the best
of the authors’ knowledge, no existing approach has yet demonstrated
a fully explicit, control law grounded on physical dynamics.

In this study, we attempt to close this gap by proposing a novel
explicit control framework that combines the strengths of PINNs with
core principles of MPC, including trajectory optimization over a pre-
diction horizon and the incorporation of input and state constraints.
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Rather than using PINNs as surrogate models, we train a unified PINN-
MPC to directly synthesize control laws that respect both physical
dynamics and control objectives. The network is trained end-to-end
using a composite loss function that incorporates Ordinary Differential
Equation (ODE) residuals to enforce physical consistency, penalties for
set-point, and input tracking over a prediction horizon, incremental
control terms to promote actuator smoothness, and soft constraints to
enforce bounds on inputs, states and outputs.

After training, the resulting PINN-MPC provides a direct mapping
from the current state, set-point, input, and measured disturbance to
the next control action, enabling very fast real-time inference without
the need for online optimization. This design results in a compact
and generalizable control law that is well-suited for nonlinear sys-
tems, combining physical consistency with real-time applicability. We
demonstrate the effectiveness of the proposed approach on two non-
linear fluid-level regulation benchmarks: a Single-Input Single-Output
(SISO) system and a Multi-Input Multi-Output (MIMO) system. Both
cases are evaluated across a broad range of initial conditions, set-
points, and disturbance scenarios. In all configurations, the PINN-MPC
achieves fast convergence, smooth actuation, and near-zero steady-state
error across thousands of closed-loop simulations, demonstrating its
scalability and robustness to increasing system dimensionality.

The remainder of this paper is structured as follows: Section 2
introduces the fundamental principles of PINNs. Section 3 presents the
proposed PINN-MPC framework, detailing the controller architecture,
loss function formulation, training procedure, and deployment strategy.
Section 4 reports the results and discussion, featuring two case stud-
ies: a single-tank and a quadruple-tank water system. For each case
study, we describe the system dynamics, network configuration, and
the hyperparameter tuning process, followed by an evaluation of the
controller’s closed-loop performance in terms of reference tracking and
measured-disturbance rejection. This section also provides a direct run-
time comparison between the explicit PINN-MPC and a conventional
NMPC implementation. Finally, Section 5 concludes the paper with a
summary of key findings and directions for future work.

2. Preliminaries

In 2017, Raissi et al. [31,32] introduced PINNs as supervised deep
neural networks trained to satisfy physical laws expressed in the form
of differential equations. Their approach naturally handles ODEs as a
special case of PDEs, where spatial derivatives are absent. A general
form of a system of ODEs is given by:

x,+ N[x] =0,t€[0,T] @

where x denotes the solution and AN-] is a nonlinear differential
operator. We define as F(x) the left-hand side of (1) so that:

F(x) = x, + Nx] @

PINNs are deep neural networks with trainable weights and biases
that learn to approximate the solutions x(¢) of differential equations,
denoted as %(¢), by minimizing a suitably constructed loss function that
typically takes the form of (3):

MSE =MSE, + MSEx 3)
where
1 NX 1 Ntr
MSE, = — Y — ¥ |2,(") - x,(") 4
SN AN, & 1%,() = x;(t )] )
and
1 Ny 1 Neol 5
MSEp =<3 ~ [P () ®)
x j=] ‘Yeol j=j

where: Ny, N, and N, denote the number of training data samples,
the number of collocation points, and the number of states, respec-

tively; x;(-) represents the ith state; {(t;‘,x,-(t;."))}fi‘lr correspond to the
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Fig. 1. PINN-MPC training structure.

collected training data for each state x; at time points {t;.r};\]:“l, while

J%,-(t;r) are the corresponding predictions of the network; 5c,-(t§°1) are
Neol

the predictions of the network at the collocation time points {t§°] }j=1 s

which are used to enforce the governing ODE via (2).

In essence, the first term, M SE, in (4), minimizes the deviation be-
tween the predicted and collected data, while the second term, M SE
in (5), enforces physical consistency by minimizing the ODE residuals
at the collocation points. This formulation allows PINNs to generalize
from limited data by incorporating physical knowledge directly into the
training objective [31,32], which is not the case for conventional neural
network modeling approaches.

3. Proposed PINN-MPC framework
3.1. Structure of the PINN-MPC

Building on the principles of PINNs and MPC, we propose a novel
control framework that synthesizes optimal control actions by learning
trajectory behavior governed by the system’s underlying dynamics. In
contrast to traditional MPC, which requires solving an optimization
problem at each sampling instant, the proposed PINN-MPC method
trains a single network offline to generate both optimal state and
control trajectories directly from initial conditions and set-point targets.

For the purposes of this paper, we consider MIMO systems whose
underlying dynamics are described by the following form:

x(1) = f (x(0),u(r), d(®)) (6a)
y(® = h(x(1) (6b)

where x(f) € RNx denotes the state vector (with N, the number
of states), u(t) € RM« denotes the control-input vector (with N, the
number of manipulated inputs), y(r) € Ry denotes the output vector
(with N, the number of controlled outputs), and d() € RN« denotes a
piecewise-constant disturbance signal that is considered to be available
for measurement in the context of this work (with N, the number
of measured disturbances). The vector field f : RM«*NutNo 5 RN«
and the output mapping h : R¥x — R™» are assumed to be smooth
and continuous, representing the system dynamics and the relationship
between the states and controlled outputs, respectively.

Fig. 1 illustrates the proposed architecture of the PINN-MPC. In the
generalized setting with N, system states, N, manipulated inputs, and
N, controlled outputs, the network takes as inputs the time ¢, the set-
point vector yg, € RNy, the initial state vector x;c € RMx, and the
initial control input vector u;; € RM«. To account for N, measured
disturbances affecting the plant dynamics, an additional input vector
signal, d;; € R4, is introduced, which is assumed to remain constant
throughout the prediction horizon.

The output layer of the proposed PINN-MPC produces two out-
puts: the predicted state trajectory £(f;ysp, Xic,ic,dic) € R~ and
the corresponding control trajectory @(t; yp, Xic, Ui, dic) € RMNu, The
conditioning vectors (ygp, X, ¢, dic) remain fixed inputs to the net-
work throughout the prediction horizon, while the time variable ¢
evolves continuously within this interval. For brevity, in the following
equations we denote these predictions simply as £(r) and (r), with the
understanding that they depend implicitly on the conditioning vectors.

This formulation represents a significant departure from standard
PINN configurations, which do not include the control signal in the
network output. The predicted state is differentiated with respect to
time using automatic differentiation, and the resulting derivative is
incorporated into the loss function, alongside additional terms, to
optimize the network parameters.

3.2. Loss function formulation

An overview of the loss function is provided in Fig. 1. For further
analysis, its structure is divided into two parts: the physics-informed
loss terms and the control-oriented loss terms.

(a) Physics-Informed Loss Terms:

The physics-informed terms correspond to the components used
in the standard PINN formulations presented in Egs. (4) and (5).
These terms guide the network to produce solutions that are physically
meaningful and compliant with the underlying differential equations:

* ODE consistency term: The first term, detailed in Eq. (7), en-
forces consistency with the known system dynamics by penalizing
residuals of the governing ODE across selected collocation points:

Ny Neol . 2
Lode = NL > ( Nl > (fc/-(tj-"‘) —f,-(fc(tjd),ﬁ(r;"l),dlc)) > %)

X =1 col j=|

where N is the number of collocation points, and t5°1 denotes
the jth collocation time point. Collocation points are time in-
stants within the prediction horizon where the residuals of the
differential equations are evaluated to enforce physical consis-
tency during training. The terms J‘c(t;"l) and ﬁ(t?"l) represent the
network predictions for the vector of states and the vector of
manipulated variables at time t§°1, )*c,.(t§°1) is the ith predicted
state derivative obtained via automatic differentiation at 1501, and
fi (J‘c(tjc.‘)l), ﬁ(t;?"l), d;c) denotes the ith component of the vector field
f() from Eq. (6) evaluated at t/°.°l, under the assumption - stated
earlier — that the disturbance vector remains constant and equal
to djc over the entire prediction horizon. As noted earlier, J‘c(t?"l)
and ﬁ(tjc."l) denote shorthand forms of the network predictions
conditioned on (ygp. X, #c, dic), and this convention applies to
all subsequent equations.
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« Initial condition term: The second term, detailed in Eq. (8),
penalizes deviations between the PINN-MPC state predictions and
the specified initial state conditions:

£IC—_Z( £1(0) = x;1c) ) (€))

where £;(0) is the ith predicted state at the start of the prediction
horizon, and x; ¢ is the initial condition of the ith state.

(b) Control-Oriented Loss Terms:
The additional loss terms extend the classical PINN formulation

by incorporating key elements of optimal control, drawing inspiration
from the objective functions and constraints typically employed in MPC
configurations [8,38,39].

* Set-point tracking term: The set-point tracking term £, in
Eq. (9) penalizes deviations between each predicted output and
the corresponding desired reference y, g, thereby promoting tra-
jectory tracking across selected look-ahead tracking time points,

that uniformly span the entire prediction horizon:

1 Ny 1 Nuk - )
Ly = Fy ; (m ]gl <J’1(1j )= YI,sp) > )
where Ny, is the number of tracking time points and t;‘k denotes
the jth tracking time point. The tracking time points are chosen
as equidistant instants within the prediction horizon, serving as
discrete sampling locations where the network predicted outputs
are compared with the desired set-points. For convenience, the
initial time tgk = 0 is included among the tracking points and
serves as the reference instant at which the controller computes
the first control action for the subsequent control-related loss
terms. The term y,(ttrk) = h,(x(t“k)) denotes the /th predicted
output at time t"k where hy(-) is the /th component of the output
mapping h(-) deflned in Eq. (6), and yjg, is the desired set-point
for the /th output.

Input tracking term: The input tracking term £, in Eq. (10)
penalizes deviations between the predicted control inputs and the
corresponding steady-state solutions of Eq. (6) associated with the
desired reference vector yg,, evaluated across the tracking time
points:

N,

Nirk
Lug = NL Z‘ ( Nex Z (ﬁk(tj-“‘) —“i,ss>2> 10)

where ak(t;rk) is the kth predicted control input at time t;rk, and
Uy g I8 the corresponding steady state solution for the kth control
input.

Move suppression term: The move suppression term L,, in
Eq. (11) is used to enforce symmetric bounds [zpin. Zmay|, Where
Zmin = —Zmax> ON input incremental changes between successive

tracking time instants:

1 N, 1 Nk
Lai= Z <Nm< Y Bre (Auk(l"k) 5)) an

where Auk(t“k) are the incremental changes for the kth control
input at t"k defined by Eq. (12), and Brec( §) is the recentered

=

barrier functlon, presented in Eq. (13).

Ay (15%) = i, (15) = uy 1. (12a)

Ay (1) = () = 4 (1), = 1, . N (12b)
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where u, ;¢ is the initial condition for the kth control input.

- lOg(Z - zmin) - lOg(zmax -z)+ 1Og(_zmin)
+102(Zimax)> 2 = Zmin > 05 Zmax — 2 > 0
B(z - Zmin> 0) — lOg(Zmax -2)+ 1Og(_zmin)

max_z>§ (13)

—1og(z = zpin) + B(Zmax — 25 6) + log(—zin)
+102(Zmax)> Z = Zmin > 05 Zmax —2 <0
P(z2 = Zmin: 6) + P(Zax — 23 6)
- B(-z - B(z

~ +108(Ziax)s Z — Ziin < 6, Z,
Brec(z; 5) — max mm

;8), otherwise

‘min> 5) ‘max »

where f(z;8) is a quadratic extension, with 6 > 0 denoting the
relaxation parameter, as defined in Eq. (14):

o 1z=28\* 1
pd) =3 (F52) - 3 —logd) 14

This formulation ensures that the penalty is minimized when
Au = 0 and increases smoothly as Au approaches either bound.
Beyond the bounds, and as 6 — 0, the value of Eq. (13) increases
rapidly, steering the optimization process toward regions of the
search space that comply with the imposed constraints.

Bound violation terms: The bound violation terms £, , £, and
L, in Egs. (16a), (16b) and (16c), are used to enforce upper
and lower bound constraints on the controlled outputs, predicted
states, and control inputs, respectively.

Inspired by the slack variable approach used in classical MPC
formulations [40], we construct the terms Eyb b and £
softly penalize violations of output, state and input constramts
These violations are captured using non-negative slack variables
enin() and e, (1), which quantify the amount by which a variable
exceeds its allowed range.

For each predicted output j,(r), state %;(r) and input 4,(r) we
define:

€y in (D = max (0, yy min = H®),
€Y1 max 0= max(O, (0 - yl,max)' (15a)

€x, iy () = Max (0, ;i = %(0),
€ ) = MaX (0, %1(8) = X; gy ) (15b)

e“k,min 0= max(O, Ujemin — ak(’)),
“k max ®= max(O uk(t) - uk,max)' (15¢)

Each auxiliary variable evaluates to zero when the corresponding
constraint is satisfied and grows linearly with the degree of
violation otherwise.

The bound violation terms L, , £, and £, are finally con-
structed by squaring and averaging the v101at10ns across the track-
ing time instants. Therefore, these terms apply squared penalties
only when violations occur, thereby promoting feasibility without

imposing hard constraints.

N,

| y Nuk . . s .
L= L (2, () +e (1)) (16a)
b Ny ~ Ntrk z Yimin \ J Yimax \ J
N. Ntxk
2 (tt.rk) +é (z‘.“‘)) (16b)
g ( Ntrk ( €ximin \1J Ximax \ J
1 N, Ntrk
— 2 trk 2 trk
= 2 (5 2 (s (99) 16 (1)) 100

(c¢) Overall Loss Function:
Together, all the previously defined loss terms guide the network to

=

M

1
w I,

X

produce control trajectories that not only satisfy the underlying physics
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but also align with the practical objectives of OCPs. The overall loss
function is presented in Eq. (17):

L = woge Loge + Wic L1c + Wy ['Ytrk + Wiy £"trk an

+wy, Ly, + wy, £yb +w,, EXb +w, Bub

where woge, Wic, Wy, s Wy, » Ways Wy Wy, and w,, are the non-negative
scalar weights that balance the contribution of each loss term. These
weights are hyperparameters that can be tuned based on the relative
importance of each objective in a given control problem, allowing to
prioritize physical consistency, control feasibility, or tracking perfor-
mance depending on the system dynamics and control requirements.

Remark 1. To address the move suppression term, we adopted re-
laxed barrier functions within the loss function, following established
approaches from the MPC literature [41-43]. These functions are
commonly used in constrained optimization to softly enforce variable
bounds by penalizing violations directly in the objective. In the context
of MPC, they offer a smooth and differentiable alternative to hard
constraints, making them particularly suitable for integration into
gradient-based training frameworks such as the one employed in this
work.

Remark 2. It is important to highlight that, by construction, the
proposed overall loss function possesses several key properties. First,
Eq. (17) is continuously differentiable, enabling the use of gradient-
based solvers that rely on explicit computation of loss gradients to
efficiently explore the search space. Furthermore, the structure of
Eq. (17) ensures that its global minimum, £* = 0, is achieved only when
all objectives and constraints are simultaneously satisfied. Specifically,
this minimum is reached only when each individual term in (17) eval-
uates to zero, which corresponds to ideal modeling accuracy, perfect
tracking, and full constraint compliance. These properties establish
Eq. (17) as a well-defined loss function, tailored to address the goals
of the proposed framework.

Remark 3. Eq. (10) requires knowledge of the steady state of the
control inputs ult,ss’ By virtue of (6), and assuming that the constant
disturbance vector d is known and the desired output set-point yg, is
specified, the steady-state with respect to the state and input vectors

(x5 Ugg) is defined as
(Xgg, Ugg) 1= {(x, u) € RNNu ¢ f(x,u,d) =0, h(x) = ysp} (18)

When a closed-form solution for (x, ug) is not available, the equilib-
rium can be determined numerically by solving the system of nonlinear
equations or by formulating an equivalent constrained optimization
problem that enforces the above steady-state conditions within the
feasible sets of the system states and control inputs [44-46].

3.3. PINN-MPC training procedure

Training the proposed PINN-MPC aims to determine the network pa-
rameters — namely, the weights and biases across all layers — that mini-
mize the overall loss function defined in Eq. (17). This process requires
careful consideration of both the temporal discretization scheme and
the optimization strategy, as these directly influence the model’s ability
to learn physically consistent dynamics and control-relevant behaviors.
The training procedure therefore consists of two main components:
the design of suitable time discretization schemes for collocation and
tracking points, and the implementation of a structured two-phase
optimization strategy to achieve stable and constraint-aware learning.

The choice of time discretization plays a key role in shaping the
network’s learning behavior. The collocation points {1501}7:101 are sam-
pled non-uniformly over the prediction horizon (0, T] with a higher
density of points allocated near the beginning of the horizon to capture
the rapid transients and dynamic shifts in system behavior. This is
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achieved by dividing the horizon into segments with different sampling
resolutions: fine spacing for early times, medium spacing for mid-range,
and coarse spacing toward the end. In contrast, the tracking points
{t:.rk}].\i‘{)k, used in the control-oriented terms, are sampled uniformly at
intervals of T to mimic the structure of traditional MPC dynamic state
prediction.

The PINN-MPC parameters, including all network weights and
biases, are optimized using a two-phase training procedure, with the
Adam optimizer applied in both phases. Adam is a widely used first-
order optimizer that combines the advantages of momentum and
adaptive learning rates, enabling rapid exploration of the loss land-
scape [47].

The training data consist of episodes, each representing a distinct
control scenario defined by conditioning vectors (ygp, Xic, #ic, dic) that
specify the set-point and initial conditions on states, inputs, and dis-
turbances. An epoch corresponds to one complete training cycle over
a batch of bs episodes, including forward and backward passes for all
loss terms followed by parameter updates. The training proceeds for
Neps epochs per phase, progressively refining the network parameters
toward convergence. The bs episodes used in each epoch are indepen-
dently sampled, ensuring variability across training. Therefore, the total
number of distinct training episodes amounts to bs X Neps.

In the first phase, the network is trained for Ny, epochs with a
predefined batch size bs and learning rate /r;, using only a subset of the
loss terms: Loge, L1c, £,,,,» and £, . The weights for the remaining loss
terms - wy, , w, , w, , and wy, - are temporarily set to zero, allowing
the optimizer to freely explore the parameter space without constraint
penalties. This initial stage enables the model to learn the underlying
system dynamics and tracking behavior before constraints are imposed.
In the second phase, the same training data and number of epochs are
used, but a new Adam optimizer with learning rate /r, is initialized, and
all loss terms are activated. This stage refines the previously learned
solution to enforce output, state, and input constraints, while also
promoting smooth control trajectories.

During each epoch, all loss components are computed for every
episode in the batch, producing one scalar loss value per episode per
component. These values are averaged across the bs episodes to obtain
a single aggregate value for each loss component. The total loss for
the epoch is then calculated as the weighted sum of these averaged
components, as defined in (17).

All training-related hyperparameters are summarized in Table 1.

Remark 4. To facilitate the applied optimizer, i.e., Adam, in computing
well-defined and stable gradients, we constructed the loss function to
be continuously differentiable, as previously described. Moreover, to
enforce perfect alignment with the differentiability properties that help
the optimizer in exploring the available search space, we adopted the
hyperbolic tangent as the activation functions of the PINN. The latter
guarantees that the employed neural network model is a uniformly
continuous model that produces smooth outputs

Remark 5. Unlike conventional PINNs that rely on experimental or
pre-simulated data to match predicted outputs with observations, the
proposed PINN-MPC framework replaces such data with the set-points
for the controlled variables and the corresponding steady-state values
for the manipulated variables. These reference values are enforced at
the tracking time instants {tt.rk}j[i‘{)k, providing supervised signals that
guide the network to align its predicted trajectories with the target
control objectives. Consequently, the training process does not rely on
any external dataset

3.4. PINN-MPC deployment
During training, the PINN-MPC learns to generate complete trajec-

tories for both the state and control variables over the interval [0, T]. At
runtime, however, the controller operates in a receding-horizon fashion
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Table 1

Journal of Process Control 158 (2026) 103634

Summary of the PINN-MPC training hyperparameters.

Loss weights

Wode Penalizes mismatch with system ODEs
wig Enforces initial conditions at start of prediction horizon
Wys Wy Penalize deviations from set-points and solutions
Wy, Penalizes large derivatives in control inputs
w, , W, ,w Penalize output, state and input bound violations
Vb b Uy
Training settings
T Prediction horizon
T Controller sampling time
Neol Number of collocation points
N Number of tracking points
bs Number of episodes per batch in each phase
Iry, Iry Learning rates in phase 1 and phase 2
Neps Number of training epochs in each phase
t=T,
E—
PLANT
Ysp
> Control Plant
X1 puts ¥ x(t) = F(x(0),u(®), d(®)) | states
> PINN-MPC >
Upc u + 4 y(®) = h(x(t)) X
—>
dIC
Measured
Disturbances

Fig. 2. PINN-MPC closed-loop implementation.

without requiring any online optimization. As illustrated in Fig. 2, it is
queried once per control step, along with the current set-point vector
Ysp» the measured state vector x;c, the initial control input vector uyc,
and, when applicable, the disturbance signal vector dic. The controller
returns only the control action vector &, which is applied to the plant
and held constant over the sampling interval T;. At the end of each
interval, the system state is re-measured, and the procedure is repeated,
thereby implementing the receding-horizon principle characteristic of
MPC.

4. Results and discussion
4.1. Case study 1: Single water tank

4.1.1. Case study description

To evaluate the proposed PINN-MPC, we consider a nonlinear water
tank system, commonly used in control benchmarks, as illustrated in
Fig. 3. The tank receives inflow through a controllable source and a
measured disturbance, modeled as an additive inflow perturbation. The
evolution of the water level is described by the following first-order
nonlinear ODE:

(1) = % (u(t) +dt) - K x(t)) = F(x(0), u(r), (1)) (19a)
(1) = x(1) (19b)
where:

* x(t) = y(t) > 0 is the water level in the tank (m),
« u(t) is the inflow rate (m?/s),

+ d(1) is the measured inflow disturbance (m?/s),
+ A= 1.0 is the tank’s cross-sectional area (m?),

Control Flow
u : Water In

Measured
Disturbance
d
Tank Tank
Surface
Level
A X

Water Out

N

Fig. 3. Nonlinear water tank control problem.

+ K =0.7 is the outflow coefficient (m?° /s).

The outflow term K+/x(r) introduces nonlinear dynamics and de-
pends on the instantaneous water level. The control input u(?) is treated
as a direct inflow and serves as the manipulated variable, constrained
to the interval [uy,, uy,,] = [0,1] m?/s to reflect physical limitations
of the inflow system. The controlled output, which coincides with the
state, () = x(t), is constrained in the range [y, Ymax] = [0,3] m.
Additionally, the control increments are constrained by |4u| < Au,, =
0.2 m?/s, with a relaxation parameter of § = 0.01 used in (11) and (13).
The measured disturbance d(¢) is assumed to remain constant over the
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prediction horizon, with d(r) = dc, and may take values in the interval
[0, 0.4] m? /s.

At steady state x(r) = 0, which yields the following explicit steady-
state relationship for the controlled state x, the manipulated input ug,
and the measured disturbance dc:

ugs + dic \ 2
Xgg = Vss = (SSTIC> (20)

During training, each episode is constructed by sampling the condi-
tioning inputs (yg,, xic, ¥ic, dic) from uniform distributions, subject to
feasibility constraints. First, u;c and x;c are drawn uniformly from the
ranges [0, 1] m?/s and [0, 3] m, respectively. Disturbances dj¢ are set to
zero with probability of 20%, and otherwise sampled uniformly from
[0,0.4] m®/s. The set-point Ysp is finally sampled uniformly within the

dic \2 . I+dic |2 . . .
range (T) ,min(3, (T) )| m, ensuring that the desired level is

achievable given the disturbance and input and output limits.

4.1.2. Network configuration and hyperparameter selection

The PINN-MPC was developed as a fully connected feedforward
neural network consisting of 3 hidden layers with 64, 16, and 16
neurons, respectively. Each hidden layer is followed by a tanh acti-
vation function to introduce nonlinearity. The output layer produces
%(t) and 4(r), which represent the predicted state and control trajec-
tories. The network receives five external inputs: 7, yg,, X, Uyc, and
dic, as described earlier, and this structure comprises 1794 trainable
parameters, including all weights and biases across layers, which are
iteratively adjusted by the Adam optimizer during training to minimize
the composite loss function presented in (17), from which the state-
violation term £, has been omitted because the system state coincides
with the output variable in this case.

A prediction horizon of T = 25 s was chosen to capture both the
transient and steady-state behavior of the system, whose open-loop
response settles in approximately 17.5 s. This aligns with standard MPC
design principles by covering the system’s dominant dynamics while
ensuring computational efficiency.

As far as time discretization is concerned, a total of N, = 928 col-
location points were generated over the 25-second prediction horizon
using three step sizes: 0.01 s,0.1 s, 1.0 s. Each step size was applied to
one-third of the horizon, allocating a higher density of points at the
beginning to better capture fast transients and the immediate effects
of control actions, while coarser steps were used later to reduce com-
putational cost. In contrast, Ny, = 26 tracking points were uniformly
defined at intervals of T, = 1.0 s, reflecting standard MPC practice in
which deviations from the set-points are evaluated and control actions
are updated at equidistant discrete time instants.

The remaining parameters, including the loss weights of the com-
posite loss function in (17) and the Adam optimizer settings, were
determined through a combination of manual screening and automated
hyperparameter optimization using Optuna [48]. Training initially em-
ployed a lightweight configuration (bs = 100, N¢p, = 1500 in each
optimization phase). The learning rates of the two optimization phases
were kept fixed, while manual tuning was used to identify admissible
ranges for the loss weights. Optuna was then applied to refine and
determine the final values of the loss weights. The evaluation criterion
involved minimizing both the mean and maximum steady-state offsets
across 3000 tracking and 3000 disturbance-rejection episodes. After
fixing the loss weights, a second Optuna study was conducted using an
extended configuration (bs = 100, Ny = 10000 in each optimization
phase) to tune the Adam learning rates under the same evaluation
protocol (mean and maximum offsets on the same 3000 tracking and
3000 disturbance-rejection episodes). The final set of hyperparame-
ters, summarized in Table 2, achieved an effective balance between
computational efficiency and closed-loop performance.
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4.1.3. Training and validation results

Fig. 4 shows the evolution of the overall loss across the two suc-
cessive optimization phases, obtained using the optimal set of training
hyperparameters and the extended training configuration (bs = 100,
Neps = 10000 in each phase). In the first phase (left panel), only the
dynamics and tracking objectives are active, and the loss exhibits a
rapid decline over 10000 epochs, demonstrating effective learning of
the underlying system behavior. In the second phase (right panel), all
constraint penalties are enabled, leading to an anticipated initial spike
of the total loss, followed by convergence to a low level by the end of
the training process. This two-stage behavior confirms that the model
first internalizes the core system dynamics and tracking performance,
and then refines its solution to satisfy the soft constraints without
compromising overall accuracy.

Table 3 summarizes the final values of all loss components at the
end of Phase 1 and Phase 2 of training. For each term defined in
Egs. (7)-(11) and Egs. (16a), (16b), (16c) both the unweighted value
(as defined in the corresponding equation, before weighting) and the
weighted contribution to the total loss in Eq. (17) are reported. This
presentation highlights the relative influence of the weighting factors
listed in Table 2 on each component and provides insight into the
relative contribution of the different loss terms after training.

The weighting strategy assigns a larger coefficient to £ 4, relative
to Lic and the tracking terms L, , L, , thereby increasing its con-
tribution to the total loss and ensuring that the system dynamics are
strongly enforced. After Phase 1, during which the tracking behavior
and dynamics are well captured, the PINN-MPC is able to satisfy
the output and input constraints effectively in Phase 2 by navigating
within the feasible space, as evidenced by the near-zero values of
the corresponding loss terms. The smoothness penalty £,, decreases
substantially from 2.05 x 10! at the beginning of Phase 2 to 1.66 x 1072
by the end of training, demonstrating the controller’s ability to conform
to smoothness constraints. The primary terms Loge, Lic, £y, and £,
remain well balanced in scale, confirming that the introduction of soft
constraints does not compromise the satisfaction of the core objectives.

To assess the controller’s generalization capability, its performance
was evaluated on two independent test suites that were not used during
the training process. The first suite consists of 5000 episodes with
set-points and initial conditions (s, xic, 4ic) sampled uniformly across
their admissible ranges, and with no disturbance (dic = 0). Each episode
was simulated for 30 s which is sufficient time to reach steady state. The
second suite evaluates disturbance rejection: in this case, 5000 episodes
were generated with (yg,, xi¢, ¢, dic) sampled uniformly across their
respective ranges. In each episode, a step disturbance was applied at
t = 0 s, and the simulation was run for 30s. For both test suites,
the steady-state offset Ay = y(tr = 30s) — Ysp Was recorded for each
episode. The mean, minimum, and maximum offsets from the first 5000
disturbance-free episodes are reported in the left column of Table 4,
while the corresponding results for the disturbance-rejection tests are
shown in the right column.

The results demonstrate that the trained PINN-MPC achieves high
set-point tracking performance in the absence of disturbances, with
a very small mean steady-state offset and maximum deviation. When
subjected to disturbances, the controller maintains strong performance,
exhibiting only slightly higher maximum deviations while achieving an
even smaller mean tracking offset.

Fig. 5 illustrates the closed-loop performance of the trained PINN-
MPC under alternating reference and disturbance steps. In the top
panel, the solid blue line represents the tank level y(r), while the black
dashed line indicates the desired set-point Yep (D). The middle panel
shows the corresponding control action u(¢) in purple, and the bottom
panel displays the disturbance profile d(r) as a cyan dashed line. Across
all randomly selected test scenarios, the controller drives the tank
level smoothly and accurately to each new set-point, closely tracking
the reference changes indicated in black. Following each disturbance
step, it promptly adjusts the inflow to reject the load change and
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Table 2
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Training hyperparameters in the SISO case study.

Loss weights

Training settings

Woge = 131.20

wyc =234

wy, =628 w, =673
wy, =32.52

w, =325.96

)
w, =3243.43

U

T =25s

T,=10s

Ny =928, Ny =26
bs =100

N,y = 10000

eps
Ir, =1.01x 1073, Ir, =2.66 x 10~

Total Loss during First Training Phase

Total Loss during Second Training Phase

10°
10*
102
n w
8 é
o= [N -
10 101
10°
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Epoch Epoch
Fig. 4. Evolution of loss over epochs for both training phases in the SISO case study.
Table 3
Loss terms at the end of phase 1 and phase 2 in the SISO case study.
Eq. Term Phase 1 Phase 2
Raw (pre-weighted) Weighted Raw (pre-weighted) Weighted
7) ODE Residuals (£y4.) 2.27x1073 2.98x1073 3.86x107* 5.06x1072
(8) Initial Conditions (£,c) 2.14x1072 5.01x1072 5.51x1072 1.29x107!
9 Output Tracking (ﬁynk) 4.75x1072 2.98x107! 1.11x107! 6.98x107!
(10) Input Tracking (£, ) 6.00x1073 4.04x1072 1.43x1072 9.61x1072
(11) Smoothness (£,,) - - 1.66x1072 5.39x107!
(16a) Output Bounds (llyb) - - 0.00 0.00
(16c) Input Bounds (Eub) - - 0.00 0.00
Total loss (weighted) 3.91x10"! 1.51

Table 4

Performance metrics for set-point tracking and disturbance rejection in the SISO

case study.

Set-point tracking

Disturbance rejection

Mean Tracking Offset = 1.61x107> m
Max Tracking Offset = 3.22x107 m
Min Tracking Offset = 0.00 m

Mean Tracking Offset = 1.29x107> m
Max Tracking Offset = 4.53x107> m
Min Tracking Offset = 0.00 m

Table 5

Quantitative analysis of different training configurations in the SISO case study. Each configuration is defined by the learning rates (Ir;, Ir,)
and the activation schedule of the constraint terms in the loss function across the two-phase optimization schedule. Configuration (1)

corresponds to the proposed approach.

Conf. Learning rate Constraint terms Set-point tracking Disturbance rejection
active offset offset
Ir, Iry Phase 1 Phase 2 Mean (m) Max (m) Mean (m) Max (m)
1) 1.01x1073 2.66x107* No Yes 1.61x1072 3.22x1072 1.29x1072 4.53x1072
(2) 1.01x1073 2.66x107* Yes Yes 1.54x1072 5.69x1072 3.46x1072 8.14x1072
(©)] 1.01x1073 1.01x1073 No Yes 1.69x1072 3.43x1072 1.64x1072 7.43x1072
4) 2.66x107* 2.66x107* No Yes 3.16x1072 5.65x1072 2.63x1072 5.59x10~2

restore y(t) to the desired set-point. The control input u(¢) consistently
satisfies the imposed constraints, as it remains within the admissible
range of [0, 1] m?/s throughout the simulation. Moreover, the changes
between successive control actions stay within the maximum per-
mitted increment of 0.2 m?/s, demonstrating the effectiveness of the
smoothness-promoting barrier function.

To validate the rationale behind the two-phase optimization ap-
proach, in which the constraint-related terms are activated only during
the second phase, the training procedure was also executed with these

terms activated during both phases (configuration (2)). The correspond-
ing results are presented in Table 5. This configuration yields infe-
rior performance metrics, particularly in disturbance rejection, where
increases of 168.2% and 79.7% in the mean and maximum errors,
respectively, are observed. In the disturbance-free case, although the
mean error is lower by 4.9%, the maximum error increases by 76.7%.
Furthermore, the two-phase training procedure with the constraint-
related terms activated only during the second phase was additionally
evaluated using identical learning rates for both phases (configurations
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Fig. 5. Set-point tracking and disturbance rejection scenarios in the SISO case study.
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Fig. 6. Set-point tracking and disturbance rejection scenarios with measurement noise in the SISO case study.

(3) and (4)). The results in Table 5 confirm that the proposed configu-
ration, which employs distinct learning rates between the two phases,
achieves superior performance compared to these alternative training
strategies.

To assess the performance of the trained PINN-MPC under sensing
noise, we introduced zero-mean Gaussian noise with standard deviation
o = 0.3 m to the measured water level y(r). The test is conducted
on the same simulations presented in Fig. 5, without retraining the
model. The results in Fig. 6 show that the controller remains stable
and effective despite the noisy measurements. While minor oscillations
appear, the system consistently reaches and maintains the target level,
demonstrating strong resilience to significant sensor noise.

It is important to note that the current framework is limited to
handling measured disturbances, which are explicitly supplied to the
PINN-MPC through its disturbance input channel. Unmeasured dis-
turbances as well as robustness to model mismatch have not been
systematically examined. Nevertheless, the controller exhibited toler-
ance to a specific form of model mismatch - variations in the tank
cross-sectional area A - successfully reaching the desired set-point,
though with slower transient responses for larger values of A, as shown
in Fig. 7. Extending the framework to account for unmeasured distur-
bances and to improve robustness against model uncertainty remains
an important direction for future work.
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Fig. 7. Closed-loop performance of the PINN-MPC in the SISO case study under model mismatch. The controller was trained with A = 1.0 m?> and evaluated for

different tank cross-sectional areas A = 0.5,1.0,2.0 m2.

4.2. Case study 2: Quadruple water tank

4.2.1. Case study description

To further evaluate the scalability and generalization capability of
the proposed PINN-MPC framework, we extend the analysis to the
nonlinear quadruple-tank system, a classical multivariable benchmark
for control design [49,50]1, shown in Fig. 8. The process consists of two
pairs of interconnected tanks arranged in lower and upper levels.

Each lower tank receives inflow through a controllable valve, while
a fixed portion of this inflow is diverted to the corresponding upper
tank according to split ratios y; and y,. Similar to the single-tank
case, measured disturbances d,(r) and d,(t) are modeled as additive
inflow perturbations acting on the u; and u, paths, respectively. The
upper tanks drain into the lower ones through gravity, introducing
nonlinear coupling and cross-interactions among all four states. The
time evolution of the water levels is described by the nonlinear dynamic
system below:

x,(t) = Ail(yl (uy(+d (1)) + K3 V/x3(0) — K \/xl(t)>, (21a)

X (1) = Ai2(y2 (,()+dy (1)) + Ky Vx40 — K, \/%) (21b)

X3(1) = %3((1—72)(u2(t)+d2(1)) - K, m) 210

X4(0) = Ai4((1—y1)(ul(t)+d1(z)) - K, m) (21d)

yi(0) = x, (), Y2 (t) = x,(0). (21e)
where:

x1(1), X5 (1), x3(t), x4(t) > 0 are the levels in each tank (m),

uy (1), u,(t) are the valve commands (m?/s),

d,(),d,(t) are measured inflow disturbances added on the u; and
u, paths, respectively (m3/s),

71,72 € [0, 1] are split ratios (here: y; = 0.6,y, = 0.5) to the lower
tanks; 1 —y;, 1 —y, go to the upper tanks.

* A; = 1.0 are cross-sectional areas (m?) and K; = 0.7 are outlet
coefficients (m?>/s) for each tank with i = 1,2, 3, 4.

The control objective is to regulate the outputs y(t) = [x;(t), x,()]"
to set-points yg, = [yl’sp,yzﬂ,]T with u;(#),u,(t) both in the range

10

[Upmins 4max] = [0, 11 m? /s, while maintaining the upper levels x5, x, be-
low their user-defined upper bounds: x3 ,x = 0.6 m, X, ,,, = 0.4 m. The
incremental changes in each control input (4, and u,) are constrained
at each tracking time instant so that their absolute values remain below
0.2 m3/s, using Eqs. (11) and (13) with a relaxation parameter of
6 = 0.01. The measured disturbances d(t) = [d,(t),d,(t)]" are assumed
to remain constant over the prediction horizon, with d(r) = dy¢, and
may take values in the interval [0, 0.4] m?/s.

The system’s steady-state is determined by setting x;(¢) = 0. Solving
the system yields the following explicit steady-state relationships for
the controlled states (x; y, X, ;;), the manipulated inputs (u; i, u, ;) and
the measured disturbances (d; 1c. d; 1c):

(g s+d; 10) + (1=72) (g s +dr 1) \
- (71 Lsstdi1c ¥2) (uy g5 t+dy 1c > (222)
’ K
1
(uy o Fday1e) + (A=7)) (U +d 1) \°
- (72 hssTa1c yD) (uy sst+dy e > (22b)
’ K
2
and, assuming 4 :=y; +y, -1 #0:
n KX — 0=1) Ky /Xy
Up 5 = = n = - d e (23a)
—(I=y) Kiy/x1 55 + 71 Kpq/Xo,
Uy 55 = Aﬂ - - dac- (23b)

Substituting x, ;; = y; 5, and x, ;; = y, 5, into (23a) and (23b) yields
the closed-form steady-state input references (ui:(,ss’u;,ss) used in loss
term (10).

During training, each episode is constructed by sampling the con-
ditioning inputs (ygp, Xi¢, Uic, dic) from uniform distributions, subject
to feasibility constraints. First, uc = [u) ¢, #p1c]" are drawn uniformly
from the range [0, 1] m3/s. Next, the disturbances dic = [d ¢, dy1c]”
are set to zero with probability 20%, and otherwise sampled uniformly
from [0,0.4] m3/s. The initial states x;c = [x; ¢, X1, X31¢. X41c]' are
drawn uniformly within the disturbance-dependent feasible ranges de-
fined by Egs. (24a)-(24d). Finally, the set-points Ysp = Wisps yz,sp]T are
constructed to correspond to steady-state conditions. This is achieved
by sampling u; g, u, ¢ from the range [0, 1] m?/s uniformly, and solving
Egs. (22a) and (22b) for x; &, X, given the already selected d i, dy ¢
values. This sampling procedure ensures that all training episodes
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Fig. 8. Quadruple nonlinear water tank control problem.

correspond to physically attainable operating scenarios that comply
with the disturbance, actuator, and output limits.

[/ y,d 1-r)da1c \ 2 )\ 2
. € <71 Lic + (1=7r2) 2,IC> ’<}’1 + Vz)) ] (242)
K, K,
[/ 7,d 1=y)d ¢\ > -\ 2
€ (72 21c +1=71) 1,Ic> 7<}’2+(1 71)> ] (24b)
K, K;
[ (1—72)d2,1c>2 <<1—y2>>2
€ , , (240)
" ( K K;
[ (1_yl)d1AIC>2 <(1—Y1)>2
€ : , . (24d)
X4 < Ky Ky

4.2.2. Network configuration and hyperparameter selection

The PINN-MPC architecture for the quadruple-tank system follows
the same fully connected feedforward design, comprising 3 hidden
layers with 64, 16, and 16 neurons and tanh activations. As illustrated
in Fig. 1, the same network architecture can be used for both the
SISO and MIMO implementations, with vectorized inputs and outputs to
accommodate systems of different dimensionality. In the current MIMO
configuration, the input vector includes the time variable 7, the set-
points y, € R?, the initial conditions x;c € R* and u;c € R%, and
the measured disturbances d;; € R?, resulting in a total of 11 input
variables. The outputs correspond to the predicted state and control
trajectories, X(t) = [%;(1), X,(t), %30, 2,17 and a@t) = [4,@t), 4,1,
representing all four tank levels and the two valve actuators. The
resulting network contains 2310 trainable parameters and is optimized
using the same two-phase Adam-based training procedure described
previously.
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To further improve physical consistency, the loss function (17)
was augmented with an additional term that incorporates equilibrium-
based tracking for the upper tanks. Given the set-points (y;sp, ¥25p)s
the corresponding steady-state levels (x;"ss,xiss) were computed from
the system equilibrium. The additional term, denoted as L,  , pe-
nalizes deviations of %;(f) and %,(r) from these equilibrium values.
The same tracking weight w, , was applied uniformly across all four
tracking terms to ensure balanced learning between controlled and non-
controlled states. In the MIMO configuration, the output-violation term
L, has been omitted from (17) because bounds are enforced only on
the non-controlled states x; and x, in this case.

The time discretization scheme mirrors that of the SISO configura-
tion, employing three step sizes (0.01 s, 0.1 s, and 1.0 s) distributed
non-uniformly across the prediction horizon, resulting in N, = 1110.
The prediction horizon was extended to T = 30 s to account for the
slower coupled dynamics of the multivariable system, whose open-loop
response settles in approximately 20.6 s. The tracking interval was kept
at Ty = 1.0 s, yielding Ny = 31. To demonstrate the scalability of our
approach, the PINN-MPC in the MIMO study was tuned using the same
hyperparameter selection strategy as in the SISO case study. The final
set of hyperparameters is summarized in Table 6.

4.2.3. Training and validation results

The evolution of the total loss over epochs for the MIMO PINN-MPC
is shown in Fig. 9. The two-phase training exhibits a pattern similar to
that of the SISO case, characterized by a rapid decrease in loss during
the first phase, followed by a second rapid decrease and subsequent
stabilization in the second phase as the constraints become satisfied.
The overall convergence remains stable, though with slightly larger
fluctuations due to the higher dimensionality and stronger coupling
among the four tank states. These variations reflect the increased
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Training Hyperparameters in the MIMO Case Study.

Loss weights

Training settings

Woge = 1069.00

wie =244

w, =43492, w, =887.24
rk trk

wy, =55.08

w,, =21.55

w,, = 33047

T =30s

T,=10s

Neg = 1110, Ny =31
bs =100

N,y = 10000

eps

Ir, =445x 1073, Ir, = .51 x 1073

Total Loss during First Training Phase

Total Loss during Second Training Phase

103
102
102
@ @
o o
= 10! a
)
100 10
0 2000 4000 6000 8000 10000 0 2000 4000 6000 8000 10000
Epoch Epoch
Fig. 9. Evolution of loss over epochs for both training phases in the MIMO case study.
Table 7
Loss terms at the end of phase 1 and phase 2 in the MIMO case study.
Eq. Term Phase 1 Phase 2
Raw (pre-weighted) Weighted Raw (pre-weighted) Weighted
(%) ODE Residuals (£4,) 8.56x107> 9.15x1072 2.65x1074 2.83x107!
(8) Initial Conditions (£¢) 2.89x10~! 7.06x10! 3.17x10! 7.73x107!
) Output Tracking (Ey"k) 2.53x107* 1.10x107! 6.62x1074 2.88x10"!
(10) Input Tracking (£, ) 1.22x10~* 1.08x107! 4.01x1073 3.56
11) Smoothness (L,,) - - 4.19x1072 2.31
(16b) State Bounds (£, ) - - 2.42x107° 5.22x107°
(16¢) Output Bounds (E“b) - - 0.00 0.00
Total loss (weighted) 1.02 7.22

complexity of the multivariable dynamics but do not hinder the final
convergence behavior.

Table 7 summarizes the final values of all loss components at
the end of Phases 1 and 2, both in their weighted and unweighted
forms. The highest weight is assigned to £,4., which ensures strict
adherence to the system dynamics. At the end of Phase 2, the near-
zero values of £, and £, confirm consistent constraint satisfaction
across all trajectories. The smoothness penalty L,, exhibits a signif-
icant reduction, falling from 1.09 x 10! at the start of Phase 2 to
4.19 x 1072 by the end of training, effectively demonstrating the con-
troller’s adherence to smoothness constraints. Meanwhile, the principal
losses - Lyge, Licy Ly,,» and L, , - remain well balanced in magni-
tude, indicating stable multi-objective convergence across both training
phases.

The generalization performance of the MIMO PINN-MPC was eval-
uated using two independent test suites following the same procedure
as in the SISO study: one for set-point tracking and one for disturbance
rejection, each comprising 5000 randomized episodes. Each episode
was simulated for 30, and the steady-state offsets Ay = y(t = 30 )~y
were recorded for both controlled tanks. The mean, minimum, and
maximum tracking errors for both cases are summarized in Table 8.

The results demonstrate that the PINN-MPC achieves accurate set-
point tracking and disturbance rejection performance across both con-
trolled outputs, exhibiting behavior similar to that observed in the SISO
case. It maintains precise steady-state tracking with minimal offsets and
smooth transient responses, even under varying disturbance conditions.
Overall, the findings confirm that the proposed approach generalizes
effectively to multivariable nonlinear systems, sustaining high tracking
accuracy and disturbance rejection over a broad range of operating
conditions.

12

Fig. 10 illustrates the closed-loop behavior of the MIMO PINN-MPC
under simultaneous set-point and disturbance variations applied to
both controlled tanks. The top panel shows the controlled outputs y, (¢)
(blue solid line) and y,(r) (red solid line) along with their respective
set-points y s, (1) (black dashed line) and V2.sp(®) (gray dashed line). The
second panel presents the upper-tank levels x;(¢) (green solid line) and
x4(7) (orange solid line) together with their maximum allowable limits
(dotted lines), highlighting that the network maintains these internal
states safely within their prescribed bounds throughout operation. The
third panel displays the manipulated inputs u,(¢) (purple solid line)
and u,(¢) (brown solid line), along with the upper constraint u,,,, (gray
dotted line), while the bottom panel depicts the disturbance profiles
d, (1) (yellow dashed line) and d,(r) (cyan dashed line). Across the full
simulation, the controller achieves smooth, coordinated tracking of
both reference signals while effectively compensating for coupling and
disturbance effects. All states and inputs remain within their admissible
bounds, demonstrating effective enforcement of the state and input
constraints through the loss formulation.

Table 9 summarizes the performance of different training configu-
rations for the MIMO PINN-MPC, using the same evaluation procedure
as in the SISO case. Based on these results, the two-phase training
schedule, which activates the constraint-violation terms only during the
second phase (configuration (1)), once again yields the best closed-loop
performance. In contrast, activating the constraint-related losses during
both phases (configuration (2)) degrades performance, while activating
the constraint terms only in the second phase but using identical
learning rates across phases (configurations (3) and (4)) results in
intermediate performance.
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Performance metrics for set-point tracking and disturbance rejection in the MIMO case study. Results are reported separately for

the two controlled tanks.

Metric Set-point tracking Disturbance rejection

Tank 1 Tank 2 Tank 1 Tank 2
Mean Tracking Offset (m) 2.08x1072 1.83x1072 2.02x1072 1.30x1072
Max Tracking Offset (m) 4.85x1072 3.95x1072 6.70x1072 5.33x1072
Min Tracking Offset (m) 0.00 0.00 0.00 0.00
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Fig. 10. Set-point tracking and disturbance rejection scenarios in the MIMO case study.

Table 9

Quantitative analysis of different training configurations in the MIMO case study. Each configuration is defined by the learning rates
(Ir,1r,) and the activation schedule of the constraint terms in the loss function across the two-phase optimization schedule. Configuration

(1) corresponds to the proposed approach.

Conf. Learning rate Constraint terms

Set-point tracking offset (m)

Disturbance rejection offset (m)

active
Ir, Ir, Phase 1 Phase 2 Tank 1 Tank 2 Tank 1 Tank 2
Mean Max Mean Max Mean Max Mean Max
(1)  4.45x107 1.51x107 No Yes 2.08x1072 4.85x1072 1.83x1072 3.95x1072 2.02x1072 6.70x1072 1.30x1072 5.33x1072
2 4.45x1073  1.51x1073 Yes Yes 6.73x1072 1.81x10~' 4.34x1072 1.24x10~" 3.89x1072 1.65x10~' 2.36x102 1.01x10~!
3) 4.45x1073  4.45x107> No Yes 1.85x1072 1.35x10~" 1.43x1072 8.84x1072 2.47x1072 1.07x10~" 1.92x107> 5.99x1072
(4)  1.51x10 1.51x107 No Yes 4.24x1072 9.96x1072 3.41x1072 1.27x107' 3.38x1072 9.97x1072 2.55x1072 8.55x1072

4.3. Explicit PINN-MPC vs. Conventional NMPC runtime comparison

To further demonstrate the advantages of the proposed explicit
PINN-MPC, we conducted a comparative study against a conventional
NMPC implemented in CasADi [51] using IPOPT as the nonlinear
solver. Both controllers share the same objective function and include a
measured disturbance channel to ensure a fair comparison. The NMPC
was tuned such that its control effort and tracking performance closely
matched those of the PINN-MPC. The comparison experiments were
performed on a 13th-Gen Intel® Core™ i5-13400 CPU.
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Figs. 11 and 12 present representative closed-loop simulations for
the SISO and MIMO systems, respectively. Each simulation spans a hori-
zon of 50 s with a controller sampling period of T; = 1 s, corresponding
to 50 control updates per run. The solid lines denote the proposed
PINN-MPC, while the dotted lines correspond to the standard NMPC
configuration. In both systems, the trajectories nearly overlap, indicat-
ing that the two controllers achieve comparable control performance,
constraint satisfaction, and control effort. These results establish a fair
basis for comparing the runtime characteristics of the two methods
under equivalent operating conditions.
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Fig. 11. PINN-MPC and NMPC responses in a closed-loop simulation involving set-point tracking and disturbance rejection in the SISO case study.

Controlled Outputs

E18 P — - ———Trwr
wn
A{t% 1.6 —= y15p = PINN-MPC y1(t) NMPC y; ()
'“:) 1.4 == yrsp = PINN-MPCy,(t) === NMPC y,(t)
2
S12 T ———— P . T
Non-controlled States
£ 0350 A = PINN-MPC x3(t) == PINN-MPC x4(t)
50.325 NMPC xs(t) NMPC x4(t)
- P g d i assassssssssaad 0  TTTTTTTTTTTTTTTTTTTTTITT T TTT LT
{© 0.300
=
9 0.275 ........._\g
o
S 0.250 T ~ = N s
10 Control Signals
=2 —— PINN-MPC uy(t) === PINN-MPC u5(t)
Eoo9 NMPC us(t) NMPC us(t)
g 5
Sos N
5 meeesen,
507 TETTTTT
5 e S
o
“os
Disturbance Profile
02 ) - A == )
£ |
O I
= |
501 i
o
2
3 jf° == e T e e e e e e e
& |
0 0.0 = == = o o ——— -
0 10 20 30 40 50 60
Time (s)

Fig. 12. PINN-MPC and NMPC responses in a closed-loop simulation involving set-point tracking and disturbance rejection in the MIMO case study.

Table 10 reports the computational performance evaluated over
1000 randomized episodes, each spanning a 50 s simulation horizon
with varying set-points, initial conditions, and disturbances. As sum-
marized in the table, the explicit PINN-MPC is substantially faster
than NMPC — about 416x in the SISO case and roughly 2650x in the

14

MIMO case. Moreover, the computational cost of NMPC grows by about
10.2x from SISO to MIMO, whereas PINN-MPC increases by only 1.61x,
underscoring its superior scalability. These results confirm that the
explicit PINN-MPC formulation achieves real-time inference with com-
putation times several orders of magnitude lower than those of NMPC.
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Runtime statistics of PINN-MPC and NMPC over 1000 randomized episodes for both SISO and MIMO case studies.

Metric SISO (Single water tank) MIMO (Quadruple water tank)

PINN-MPC NMPC PINN-MPC NMPC
Mean time per call (ms) 0.061 + 0.009 25.390 +4.624 0.098 + 0.003 259.517 +£5.473
Max time per call (ms) 0.176 £ 0.110 54.608 +30.419 0.141 £ 0.027 591.663 + 116.135
Total per episode (ms) 3.035 +0.430 1269.521 +231.224 4.887 +0.142 12975.829 +273.662

Notably, while NMPC runtime grows rapidly with system dimension-
ality, PINN-MPC remains nearly unaffected by problem size, highlight-
ing its suitability for real-time deployment in nonlinear multivariable
systems.

5. Conclusions

This paper presented a novel PINN-MPC framework that learns
to synthesize optimal control trajectories by embedding the system
dynamics and control objectives directly into the training process. In
contrast to conventional MPC schemes that require computationally
intensive online optimization at every control step, the proposed PINN-
MPC framework performs all optimization offline during training. Once
trained, a single feedforward neural network generates optimal state
and control trajectories instantaneously, eliminating the need for online
solvers and enabling fast deployment.

By augmenting the classical PINN structure with control-oriented
loss terms, including set-point tracking, control smoothness, and soft
constraint enforcement, the proposed method effectively bridges the
gap between model learning and control synthesis. The network is
trained using a two-phase optimization strategy: in the first phase, it
learns to capture the system dynamics and tracking behavior, while in
the second phase, the solution is refined to satisfy the imposed system
constraints.

The proposed controller was first validated on a nonlinear single-
tank water level system and subsequently extended to a more complex
quadruple-tank configuration. The latter case study showcased that
the same training framework and network architecture can scale ef-
fectively to higher-dimensional, coupled dynamics while preserving
stability, tracking accuracy, and constraint satisfaction. In both systems,
the PINN-MPC exhibited effective reference tracking and rejection of
measured disturbances across thousands of randomized test scenarios.
Performance remained robust even under measurement noise, with
only minimal degradation observed.

A direct comparison with an online NMPC implemented in CasADi
further highlighted the computational benefits of the explicit PINN-
MPC formulation. While the NMPC’s runtime increased substantially
with system dimensionality, the PINN-MPC maintained sub-millisecond
inference times and comparable control performance, confirming its
scalability and suitability for implementation in nonlinear control ap-
plications.

The PINN-MPC framework is introduced as a promising new
paradigm in optimal control design, with significant potential for
further development and extension. Addressing robustness to modeling
errors and performance under unmeasured disturbances constitute
important directions for future research.
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Implementation and software environment

The PINN-MPC was implemented in Python v3.11.1 [52] with
PyTorch v2.7.1 (CUDA 11.8 build) using single precision. All
training experiments were conducted on a workstation equipped with
an NVIDIA GeForce RTX 3060 Ti GPU and on AWS with NVIDIA A10G
GPUs, ensuring consistent PyTorch—-CUDA environments across plat-
forms. For the implementation of the NMPC we used CasADi v3.6.5
in combination with the IPOPT nonlinear programming solver [51].
The SISO and MIMO water-tank systems were simulated in PyTorch
using an explicit Euler integrator with a time step of 0.01 s. All runtime
comparison experiments between PINN-MPC and NMPC reported in
Section 4.3 were performed on a 13th-Gen Intel® Core™ i5-13400 CPU.
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